On a finite subsemigroup of semigroups in which
Introduction
Green and Rees [1] proved that the order of a free idempotent semigroup on n generators is given by I n = n r=1 n r r i=1 (r − i + 1) 2 i . Thus for every idempotent semigroup S of order ≥ n, the order x of the subsemigroup of S generated by n distinct elements of S satisfies n ≤ x ≤ I n .
There exist only finite number of idempotent semigroups of order ≤ I n . This implies that for every positive integer n, we can determine that whether every idempotent semigroup S of order ≥ n has a subsemigroup of order n by finite number of calculations. Based on this idea we will solve the following problem.
Question. For every positive integer r ≥ 2, find all positive integers n such that for every semigroup of order ≥ n in which x r = x for every element x has a subsemigroup of order n.
Case I : r = 2
Every element of an idempotent semigroup forms a subsemigroup of order 1, so the Question is true for n = 1. In this section, we will show that n = 1, 2, 4, 6 are the only positive integers which every idempotent semigroup of order ≥ n has a subsemigroup of order n.
Theorem 2.1. Every idempotent semigroup S of order ≥ 2 has a subsemigroup of order 2.
Proof. Suppose that S does not have a subsemigroup of order 2, and let a and b be different elements of S. Then S 1 = {ab, aba} , S 2 = {a, ab, aba} are subsemigroups of S. |S 1 | = 2 implies * x y xy z zx x x xy xy x, z, xz x, zx y x, y, xy y y, xy y, xy, z, zx x, y, xy, zx xy x, xy xy xy x, xy, z, zx x, xy, zx z zx y, xy, z, zx zxy z zx zx zx zxy zxy z, zx zx Table 2 : x, y, z = {x, y, xy, z, zx}
Proof. Suppose that abc / ∈ {a, b, c, ab, ac, bc}. Then |{a, b, c, ab, ac, bc}| ≤ 4, so either ab ∈ {a, b, c}, bc ∈ {a, b, c} or ab = bc. Each of them implies abc ∈ {ac, bc, c}, abc ∈ {a, ab, ac} and abc = bc, respectively.
Lemma 2.7. Let a and b be two different elements of an idempotent semigroup S such that | a, b | = 4. Then a, b = {a, b, ab, ba} and exactly one of the following holds.
(1) aba = a, bab = b
(2) aba = ab, bab = ba (3) aba = ba, bab = ab
Proof. If |{a, b, ab, ba}| ≤ 3, then aba, bab ∈ {a, b, ab, ba} and | a, b | ≤ 3, a contradiction. Thus a, b = {a, b, ab, ba}. aba = b implies ab = b, which is a contradiction, so aba ∈ {a, ab, ba} and for the same reason, bab ∈ {b, ab, ba}. Now aba = ab ⇔ bab = ba, aba = ba ⇔ bab = ab and
Theorem 2.8. Every idempotent semigroup S of order ≥ 6 has a subsemigroup of order 6.
Proof. Suppose that S does not have a subsemigroup of order 6.
Case I. ∀x, y, z ∈ S | x, y, z | ≤ 5
By Lemma 2.5, ∀x, y ∈ S | x, y | ≤ 3 and there exist a, b, c ∈ S such that | a, b | = 3 and
implies ad, da ∈ a, b ∪ {d, bd, db} or bd, db ∈ a, b ∪ {d, ad, da}. Without loss of generality, let a  b  ab  c  d  ad  cd   a  a  ab  ab  a, c, ab  ad Table 5 :
(a) ∄x, y ∈ S such that x, y = {x, y, xy, yx} and xyx = x, yxy = y
Suppose that there exist x, y ∈ S such that | x, y | = 5. Without loss of generality, let x, y be {x, y, xy, yx, xyx}. It is easy to see that yxy = y and xy, yx = {xy, yx, (xy)(yx), (yx)(xy)} = {y, xy, yx, xyx}. In this case, (xy)(yx)(xy) = xy and (yx)(xy)(yx) = yx, a contradiction. Thus for every x, y ∈ S, | x, y | ≤ 4.
Suppose that for every Table 6 : a, b, c = {a, b, c, ab, bc, ca, abc, bca, cab}
contradiction. Thus abca = a, bcab = b and cabc = c.
(ii) b, c = {b, c, bc} , c, a = {c, a, ac} : In this case, a, b, c = {a, b, c, ab, bc, ac, abc}. If xb = a or xc = a for some x ∈ S, then ab = a or ac = a, a contradiction. Thus {b, c, ab, bc, ac, abc} is a subsemigroup of a, b, c , and this implies that there exists a subsemigroup of S of order 6, a contradiction.
(iii) b, c = {b, c, cb} , c, a = {c, a, ca} : symmetric to (ii).
(iv) b, c = {b, c, cb} , c, a = {c, a, ac} : symmetric to (ii).
So there exist a, b ∈ S such that | a, b | = 4. By Lemma 2.7 and the assumption given in (a), a, b = {a, b, ab, ba} and {aba, bab} = {ab, ba}. Without loss of generality, suppose that aba = ab and bab = ba. | b, c | ≤ 4 implies bcb, cbc ∈ {b, c, bc, cb}. bcb = c implies bcb = bc and cbc = b implies cbc = cb, so bcb ∈ {b, bc, cb} and cbc ∈ {c, bc, cb}. Suppose that bcb / ∈ {bc, cb}.
cbc ∈ {bc, cb} implies bcb ∈ {bc, cb}, so cbc / ∈ {bc, cb} and bcb = b, cbc = c. If bc = cb, then bc = bcb / ∈ {bc, cb}, a contradiction. Now b, c / ∈ {bc, cb} and bc = cb imply | b, c | = 4, which contradicts to the assumption given in (a). Thus bcb = bc or bcb = cb, and by the same argument aca = ac or aca = ca. Now we have the following 4 cases.
(i) bcb = bc, aca = ac : Let N 2 be {abc, acb, bac, bca, cab, cba}. From the table 7, it is easy to see that N 2 , N 2 ∪ {ac} , N 2 ∪ {ac, ca} , · · · , a, b, c − {a} are subsemigroups of a, b, c . Thus there exists a subsemigroup of S of order 6, a contradiction.
(ii) bcb = bc, aca = ca : For every x, y, z ∈ S such that {x, y, z} = {a, b, c}, | x, yz | ≤ 4 implies xyzx ∈ {x, yz, xyz, yzx}. xyzx = yz implies xyzx = xyz, so xyzx ∈ {x, xyz, yzx}.
Suppose that xyzx = x. Then xyx = xy(xyzx) = xyzx = x implies xy = x or yx = x, and xzx = (xyzx)zx = xyzx = x implies xz = x or zx = x. Each of xy = xz = x, xy = zx = x, yx = xz = x and yx = zx = x implies xyz = x, zxy = x, yxz = x and zyx = x, so
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On a finite subsemigroup of semigroups in which x r = x (ay)a = (ay)b = ay implies ay / ∈ a, b , so ay = by = y. For the same reason, wa = wb = w.
(ii) x ∈ a, b : bx = xb = x implies x = b. Let M 2 be {z, az, zb, azb}. Then a, z, b = a, b ∪M 2 . By (i) and (ii), acb = bca = bc = cb or bc ∈ {b, ba} holds. The assumption aba = a, bab = b is symmetric in a and b, so bca = acb = ac = ca or ac ∈ {a, ab} holds. Now we have the following 4 cases.
(i) acb = bca = bc = cb = ac = ca : | a, b, c | = |{a, b, ab, ba, c, ac}| ≤ 6, a contradiction.
(ii) acb = bca = bc = cb and ac ∈ {a, ab} : ac ∈ {a, ab} implies acb = ab, so ab = bca. Then
(iii) bca = acb = ac = ca and bc ∈ {b, ba} : symmetric to (ii).
(iv) bc ∈ {b, ba} and ac ∈ {a, ab} : ac ∈ {a, ab} implies cac ∈ {ca, cab}, so a, b, cac = Lemma 2.9. For every positive integer n = 1, 2, 4, 6, 12, there exist positive integers p and q such that
Proof. Suppose that there exists a positive integer n ≥ 15 such that for every positive integer k ≤ √ n + 1, k divides n. If n ≥ 15, then there uniquely exists a positive integer t ≥ 4 such that t 2 ≤ n + 1 < (t + 1) 2 . By the assumption, t | n, so n = t 2 or n = t(t + 1). In each case t − 1 | n implies t − 1 | 1 and t − 1 | 2, which contradicts to t ≥ 4. Thus for every positive integer n ≥ 15, there exists a positive integer k ≤ √ n + 1 such that k does not divide n. For m = n k + 1, it is easy to see that m(k − 1) ≤ (m − 1)k < n < mk, so (p, q) = (k, m) satisfies (1) for every n ≥ 15.
If n ≥ 3 is odd, then (p, q) = (2, If n is 8, 10 or 14, (p, q) = (3, 3), (3, 4) and (3, 5) satisfy (1) for each n.
Theorem 2.10. For every positive integer n = 1, 2, 4, 6, there exists an idempotent subsemigroup of order ≥ n which does not have a subsemigroup of order n.
Proof. Let S p,q (p, q ∈ N) denote the set Z p × Z q with a binary operation (a 1 , b 1 ) · (a 2 , b 2 ) = (a 1 , b 2 ), which is clearly an idempotent semigroup. By Lemma 2.9, for every positive integer n = 1, 2, 4, 6, 12, there exist p, q ∈ N such that (1) holds. For any subsemigroup S of S p,q ,
Now the only remaining case is n = 12. The set S 3,3 ⊔ S 2,2 with a binary operation
x (x ∈ S 2,2 and y ∈ S 3,3 )
y (x ∈ S 3,3 and y ∈ S 2,2 )
is an idempotent semigroup of order 13 which does not have a subsemigroup of order 12.
3 Case II : r > 2
The idempotency of semigroup S implies x r = x for every r > 2 and x ∈ S. From the results of previous section, for every positive integer r > 2 and n = 1, 2, 4, 6, there exists a semigroup of order ≥ n in which x r = x for every x ∈ S and does not have a subsemigroup of order n.
For every semigroup S in which x r = x, ∀a ∈ S satisfies (a r−1 ) 2 = a r−1 . Thus there exists a subsemigroup of order 1, namely a r−1 .
Lemma 3.1. For every positive integer r > 2, there exists a semigroup of order ≥ 6 in which x r = x and does not have a subsemigroup of order 6.
Proof. Let q be an arbitrary prime factor of r − 1. Then an abelian group Z q ⊕ Z q ⊕ Z q is a semigroup of order q 3 > 6 in which x r = x. The order of its subsemigroup divides q 3 , so it cannot be 6.
On a finite subsemigroup of semigroups in which x r = x Lemma 3.2. For every positive integer r in which r − 1 has a prime factor greater than 2, there exists a semigroup of order ≥ 4 in which x r = x and does not have a subsemigroup of order 2 or 4.
Proof. Let q be a prime factor of r − 1 greater than 2. Then an abelian group Z q ⊕ Z q is a semigroup of order q 2 > 4 in which x r = x. The order of its subsemigroup divides q 2 , so it cannot be 2 or 4.
Theorem 3.3. For a positive integer of the form r = 2 m + 1 (m ∈ N), every semigroup S of order ≥ 2 in which x r = x has a subsemigroup of order 2.
Proof. If S is idempotent, then by Theorem 2.1, S has a subsemigroup of order 2. Suppose that there exists a ∈ S such that a 2 = a. Let k be the smallest positive integer t > 2 such that a t = a.
Then there uniquely exist nonnegative integers q and r ≤ k − 2 such that 2 m = (k − 1)q + r. a ∈ S such that a 2 = a.
Suppose that for every x ∈ S − a , | a, x | = 3. Then x ∈ S − a implies x 2 ∈ a, a 2 , x and (x 2 ) 2 = x 2 , so x 2 = a 2 or x 2 = x. Let b and c be two different elements of S − a . We have the following 3 cases.
, so a, a 2 , bc, cb is a subsemigroup of S and a, a 2 , bc, cb ≤ 3. If bc ∈ a, a 2 , then b = b 3 = bc 2 ∈ ac, a 2 c , a contradiction. Thus bc / ∈ a, a 2 and for the same reason, cb / ∈ a, a 2 . This implies bc = cb, so bcb = cb 2 = c 3 = c and cbc = b. Thus a, b, c = a, a 2 , b, c, bc . For x ∈ {b, c, bc}, x 2 = a 2 so a 2 x = xa 2 = x 3 = x.
Thus a 2 , b, c, bc is a subsemigroup of a, b, c , a contradiction.
(ii) c 2 = c : Let M 1 be a, a 2 , c, cbc . Then bcbc ∈ a 2 , bc and cbcbc ∈ ca 2 , cbc ⊂ M 1 . Thus there exists u ∈ S − a such that | a, u | ≥ 4. Let x, y and z be a 2 , au and a 2 u. Then x, y = x, y, y 2 , yx, y 2 x and y, yx = y, y 2 , yx, y 2 x . | y, yx | = 4 implies | y, yx | ≤ 3,
and | x, y | = 4 implies | x, y | ≤ 3. Each of au = a 2 , aua 2 = a 2 and auau = aua 2 implies auau = au, and auau = a 2 implies aua 2 = au, so auau = au or aua 2 = au. For the same reason, uaua = ua or a 2 ua = ua. auau = au implies uaua = u(auau)a = ua, and uaua = ua implies auau = a(uaua)u = au, so auau = au is equivalent to uaua = ua. If auau = au, then aua 2 = au and a 2 ua = ua, so a 2 u = a 2 ua 2 = ua 2 . Thus auau = au or a 2 u = ua 2 . If we replace y with z and repeat the same argument, then we get a 2 ua 2 u = a 2 u or a 2 u = ua 2 . Now we have the following 2 cases.
(i) a 2 u = ua 2 : Let v be uau. Then vav = uauauau = uau = v, a 2 v = (a 2 u)au = ua 2 au = uau = v and va 2 = v, so a, v = a, a 2 , v, av, va, ava, v 2 , av 2 , v 2 a, av 2 a . Let M 2 be On a finite subsemigroup of semigroups in which x r = x av, ava, av 2 , av 2 a . Then from the table 13, M 2 , M 2 ∪ a 2 and M 2 ∪ a, a 2 are subsemigroups of a, v . Thus a, a 2 , av, ava ≤ 3. Suppose that | a, v | ≥ 4. If av ∈ a, a 2 or ava ∈ a, a 2 , then a(av) = v and a(ava)a = v imply v ∈ a, a 2 , a contradiction. Thus av = ava and for the same reason, ava = va. Now av = ava = va implies a, v = a, a 2 , v, av, v 2 and from the table 13, a 2 , v, av, v 2 is a subsemigroup of a, v , a contradiction. Thus | a, v | ≤ 3, and this implies a, a 2 , v, av ≤ 3.
If a = av or a 2 = v, then a 2 = (av) 2 = av = a, a contradiction. a = v implies a 2 = av. Thus a 2 = av or v = av. a 2 = av implies a = aa 2 = a(auau) = (ua 2 )au = uau. v = av implies aua = (auau)aua = (uau)aua = ua and for the same reason, aua = au. Thus au = ua or uau = a.
If au = ua, then a, u = a, a 2 , u, u 2 , au, a 2 u, au 2 , a 2 u 2 . Let M 3 be au, a 2 u, au 2 , a 2 u 2 . From the table 14, it is easy to see that each of M 3 , M 3 ∪ u 2 , M 3 ∪ u, u 2 and M 3 ∪ a 2 , u, u 2 are subsemigroups of a, u . Thus | a, u | ≤ 3, a contradiction.
Now suppose that uau = a. Then ya = au(uau) = (au 2 )au = ((uau)u 2 )au = (uau)au = ay and y 2 = a(uau) = a 2 , so a, y = a, a 2 , y, ay and | a, y | ≤ 3. If y ∈ a, a 2 or ay ∈ a, a 2 , then a, u = a, a 2 , u, u 2 and | a, u | ≤ 3, a contradiction. Thus a 2 u = au and for the same reason, ua 2 = ua. This implies au = ua, which already proved to be impossible.
(ii) auau = au and a 2 ua 2 u = a 2 u : Let w be aua. Then w 2 = a(a 2 ua 2 u)a = a(a 2 u)a = w, waw = (auau)a = w and a 2 w = wa 2 = w imply a, w = a, a 2 , w, aw, wa, awa . Let M 4 be {w, aw, wa, awa}. From the table 15, it is easy to see that each of M 4 , M 4 ∪ a 2 and M 4 ∪ a, a 2 are subsemigroups of a, w . Thus | a, w | ≤ 3. If aua ∈ a, a 2 or a 2 ua ∈ a, a 2 , then (aua)u = au and a(aua)au = a 2 u imply a 2 u = au. If a 2 ua = aua, then a 2 u = a(auau) = auau = au. Thus a 2 u = au and for the same reason, ua 2 = ua. Now a, y = a, a 2 , y, ya implies | a, y | ≤ 3. y 2 = y and (ay) 2 = ay imply y / ∈ a, a 2 , and a(ya) = ya implies ya / ∈ a, a 2 . Thus ya = y and for the same reason, aua = ua (auau = au is equivalent to uaua = ua, and a 2 ua 2 u = a 2 u is equivalent to ua 2 ua 2 = ua 2 ). Thus a, u = a, a 2 , u, u 2 , au and a 2 , u = a 2 , u, u 2 , au , so | a, u | ≤ 3, a contradiction.
Thus we determine the complete answer to the Question. Table 16 shows the answer to the Question for each positive integer r ≥ 2. 
